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1 Introduction 

A generalized Artin conjecture for subsets of composite integers with hxed primitive roots is 
presented here. The focus is on developing an asymptotic formula for the number of integers 
with the primitive root 2, modulo the generalized Riemann hypothesis, but the analysis easily 
extends to all the admissible primitive roots u 7^ ±l,n^. This analysis spawn new questions 
about the structure of an T-series associated with the multiplicative subset of integers with a 
fixed primitive root 2, and related ideas. 


1.1 Subset of Integers With Fixed Primitive Root 2 

The Artin primitive root conjecture states that the integer 2 is a primitive root mod p for 
inhnitely many primes. Id est, 

V 2 = {3, 5,11,13,19, 29, 37, 53, 59, 61, 67, 83,101,107,107,131,139,149,163,173,179,...}. (1) 


Moreover, it has the counting function 7i2{x) = # {p < x : ordp(2) = p — 1} = a2vr(x). Here 
'xix) = fi {p < x} is the primes counting function. Conditional on the generalized Riemann 
hypothesis, Hooley proved that the subset of primes V 2 = {p & ^ ■ ordp(2) = p — 1} C P has 
nonzero density 02 = S {V 2 ) > 0, see Theorem 9.1 or 10.1 or |22]. Partial unconditional results 
on the Artin primitive root conjecture are also available in [TS], [12] et alii. The subset V 2 is 
utilized here to generate the subset of composite integers 


AAa = {3, 5, 3^ 11, 3 • 5,19, 5^ 3^ 29, 3 • 11, 37,45, 53, 55, 3 • 19, 61, 65, 67, 3 • 5^ ...} (2) 

which have u = 2 as a primitive root. The underlining structure of an asymptotic counting for¬ 
mula V2(x) = # {n < X : ord„(2) = A(?7,)} for the subset of integers A/2 = {n G N : ord„(2) = 
A(n)} will be demonstrated here. This result is consistent with the heuristic explained in [231 
p. 10], and has the expected asymptotic order N 2 {x) = o(x). 

Theorem 1.1. Assuming the generalized Riemann hypothesis, the integer 2 is a primitive root 
mod n for infinitely many eomposite integers n > 1. Moreover, the number of integers n < x 
such that 2 is a primitive root mod n has the asymptotic formulae 
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(i) N2{x) = 


^ 72 - 7^2 


rM 


+ 0(1) 


X 


1-02 n 


(logx)^““2 AJ. x 

^ ^ ^ pew ^ ^ 


(ii) N2{x) > 


6 


+ 0 ( 1 ) 


TT^r (02) / (logx)^“" 2 ’ 


X 


where a 2 > 0 is Artin constant, 72 is a generalized Euler constant, r(s) is the gamma function, 
and 


W = {p G P : ordp{2) = p — 1 and ordp2{2) 7 ^ p{p — 1)} 


( 3 ) 


is the set of Wieferich primes, for all large numbers x >1. 

The average order of the counting function N 2 {x) has the same average order as the counting 
function L{x) = if{n < x : /i(A(n)) = ±1} = (k + o(l))a;(loga;)“ 2 “^ for the number of square- 
free values of the Carmichael function A, but it has a different density k 7 ^ ^ 12 - 102 ^^ [ 02 ), see 
[35]. This should be compared to the counting function 7i2{x) = if {p < x : ordp(2) = p — 1} = 
a 2 'n'{x) for the set of primes having 2 as a primitive root, and the counting function T{x) = 
#{p < X : p{ip{n)) = ±1} = a 27 r(a;) of squarefree values of the Euler totient function ip. All 
these asymptotic formulae are closely related and scaled by the constant 02 . 

Sections 2 to 7 provide some essential background results. The proof of Theorem 1.1 is settled 
in Section 8. And Section 9 has a result for the harmonic sum constrained by a hxed primitive 
root. The Appendix has a proof for prime hnite helds. 


2 Some Arithmetic Functions 

The Euler totient function counts the number of relatively prime integers (p{n) = if{k : 
gcd{k,n) = 1}. This counting function is compactly expressed by the analytic formula (p{n) = 
^Up\ni^ - 1 /p),^ e N. 

Lemma 2.1. (Fermat-Euler) If a G Z is an integer such that gcd(a,n) = 1, then = 
1 mod n. 


The Carmichael function is basically a refinement of the Euler totient function to the finite ring 
Z/nZ. Given an integer n = p'f^p^ '' 'Pt\ fh® Carmichael function is defined by 


A(n) = lcm(A(pf),A(p 2 ')---A(p"‘)) = JJ p\ (4) 

p“||A(n) 


where the symbol p^\\n, n > 0, denotes the maximal prime power divisor of n > 1 , and 


f ip (p’') if p > 3 or n < 2, 

\ 2^-2 ifp = 2andn>3. 


( 5 ) 


The two functions coincide, that is, p>{n) = X{n) if n = 2,4,p™', or 2 p™,m > 1 . And ip ( 2 ™) = 
2A (2™). In a few other cases, there are some simple relationships between (p{n) and A(n). In 
fact, it seamlessly improves the Fermat-Euler Theorem: The improvement provides the least 
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exponent X{n)\ip{n) such that = (1 mod n). 

Lemma 2.2. ([71 p. 233]) (i) For any given integer n G N the congruence = (1 mod n) 
is satisfied by every integer a > 1 relatively prime to n, that is gcd(a, n) = 1 . 

(ii) In every congruence = (1 mod n), a solution u exists which is a primitive root mod n, 
and for any such solution u, there are ip{X{n)) primitive roots congruent to powers of u. 

Proof: (i) The number A(n) is a multiple of every A {p") such that p"\n. Ergo, for any relatively 
prime integer a >2, the system of congruences 

a'^(") = 1 mod pfi, = 1 mod plfi, = 1 mod p^h (6) 

where t = u}{n) is the number of prime divisors in n, is valid. ■ 

An integer m G Z is called a primitive root mod n if min {m G N : = 1 mod n} = A( 77 ,). 

Lemma 2.3. Let n,u E N, gcd(M,n) = 1. The integer u 7 ^ ±l,n^ is a primitive root modulo n 
if and only if u is a primitive root modulo p^ for each prime power divisor 

Proof: Without loss in generality, let n = pq with p and q primes. Suppose that m is a primitive 
root modulo p and modulo g, but it is not a primitive root modulo n. Then 

yfiG)/r ^ ^ yfi{n)/r = ^ + OU, (7) 

for some prime r|A(n), and a G Z. This in turns implies that either u^d>)P = \ mod p or 
= X mod q. This contradicts the hypothesis that both ^ ^ mod p or ^ 

1 mod q. Conversely, suppose that m is a primitive root modulo n, but u is not a primitive 
root either modulo p or modulo q. Write u^G)/r ^ i mod n, and proceed as before to derive a 
contradiction. ■ 


3 Characteristic Function of Primitive Roots In Finite 
Rings 

The symbol ordpfc(M) denotes the order of an element u G ifL jp^ in the multiplicative 
group of the integers modulo p^. The order satisfies the divisibility condition ordpfc(M)|A(n), 
and primitive roots have maximal orders ordpfc(M) = A(n). The basic properties of primitive 
root are explicated in 0. BDl. et cetera. The characteristic function / : N —> {0,1} of a fixed 
primitive root u in the finite ring Z/p^ Z, the integers modulo p^, is determined here. 

Lemma 3.1. Let p^,k > 1, be a prime power, and let u E T, be an integer such that 
gcd(M,p*') = 1. Then 

(i) The characteristic f function of the primitive root {u mod p^) is given by 
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if < 2 , 

ifp" = 2 ^fc> 2 ^ 

if ordpfc(M) = — l),p > 2, for any k>l, ^ 

if ordpfc('u) 7 ^ p^“^(p — 1 ), and p > 2 , A; > 1 . 

(ii) The function f is multiplicative, but not completely multiplicative since 

(iii) f{pq) = /(p)/(g), gcd(p,g) = 1 , 

(iv) / (p^) ^ f {p)f {p), if ordp 2 (n) ^ p(p - 1 ). 

Proof: The fnnction has the value / (p^) = 1 if and only if the element u G (Z /p^ Z) is a 
primitive root modulo p^. Otherwise, it vanishes: / (p^) = 0. The completely multiplicative 
property fails because of the existence of Wieferich primes, exempli gratia, 0 = / (1093^) 7 ^ 
/(1093)/(1093) = 1. ■ 

Observe that the conditions ordp(M) = p — 1 and ordp 2 (M) 7 ^ p(p — 1 ) imply that the inte¬ 
ger u 7 ^ ±l,n^ cannot be extended to a primitive root mod p^, k > 2. But that the condition 
ordp 2 (M) = p(p — 1 ) implies that the integer u can be extended to a primitive root mod p^, k > 2. 



4 Wirsing Formula 

This formula provides decompositions of some summatory multiplicative functions as products 
over the primes supports of the functions. This technique works well with certain multiplicative 
functions, which have supports on subsets of primes numbers of nonzero densities. 

Lemma 4.1. ([IHl p. 71]) Suppose that f : N — > C is a multiplicative function with the 
following properties. 

(i) f{n) > 0 for all integers n G N. 

(ii) / (p^) < for all integers fc G N, and c < 2 constant. 

(iii) /(p) = (r -|- 0 ( 1 ) )x/ logx, where t > Q is a constant as x —)■ 00 . 

p<x 

Then 


Y.f( 

n<x 


n] = 


eT'^r(r) 


+ 0 ( 1 ) 


X 


logx 


n 

p<x 




p 


pZ 


(9) 


The gamma function appearing in the above formula is dehned by r(s) = P~^e~^^dt, s G C. 

The intricate proof of Wirsing formula appears in [49] . It is also assembled in various papers, 
such as [21], |3Hl p. 195], and discussed in jSSl p. 70], [HI p. 308]. Various applications are 
provided in [30], | 3 S], [Sni, et alii. 
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5 Prime Harmonic Sums Over Primes With Fixed Prim¬ 
itive Roots 

The subset of primes = {p G P : ordp(M) = p — 1} C P consists of all the primes with a hxed 
primitive root u G Z. By Hooley theorem, which is conditional on the generalized Riemann 
hypothesis, it has nonzero density au = 6 {Pu) > 0. The real number «„ > 0 coincides with the 
corresponding Artin constant, see [221 P- 220], for the formula. The proof of the next result is 
based on standard analytic number theory methods in the literature. 

Lemma 5.1. Assume the generalized Riemann hypothesis, and let x > 1 be a large number. 
Then, there exists a pair of constants (3u > 0, and 7 ^ > 0 such that 


E 

p<x,pe'Pu 


1 

p 


au log \ogx + /3u + 0 


/ log log X \ 

V log^ X ) 


(ii) 


logp 

p — 1 

p<X,p&'Pu 


au log X - 7 „ + O 


/ log log X \ 

V )' 


Proof: (i) Let 7 r„(x) = # {p < x : ordp(M) = p — 1} = au7r(x) be the counting measure of the 
corresponding subset of primes Vu- To estimate the asymptotic order of the prime harmonic 
sum, use the Stieltjes integral representation: 


E 

p<x,pCiP, 


1 

P 


1 , , . 7r„(x) 

-diTuit) = —+ C(Xo) + 


'XQ 


t 


X 


' XQ 


7r„(t) 


dt, 


where xq > 0 is a constant. Applying Theorem 6.1 yields 


( 10 ) 


1 


dTluit) = 


a. 


( log log 


X 


• XQ 


1 „ / log log t 




' XQ 


_ f log log i 

tlogt ^ ^ V^log^(t) 


+ 0 


dt 


( 11 ) 


( loglogx \ 

7-2- ’ 

log X / 


where fdu = —loglogxo + Cq (xq) is the Artin-Mertens constant. The statement (ii) follows from 
statement (i) and partial summation. ■ 


The Artin-Mertens constant flu and the Artin-Euler constant 7 „ have other equivalent dehni- 
tions such as 


flu = lim 

X^OO 


y , -o^loglogx 

\p<x,pePu ^ 


and flu = 7 u 


V V — 

^ 

pGVu, k>2 ^ 


( 12 ) 


respectively. These constants satisfy flu = flidu and 7 „ = 70 ^. If the density = 1, these 
dehnitions reduce to the usual Euler constant and the Mertens constant, which are defined by 
the limits 



and fli 



-loglogx 

p 




(13) 
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or some other equivalent definitions, respectively. Moreover, the linear independence relation 
in flT^ becomes /5 = 7 — J2p>2 '^k >2 see [SHI Theorem 427]. 

A numerical experiment for the primitive root u = 2 gives the approximate values 


(i) 02 = TT ( 1 - —7 I = 0.3739558667768911078453786.... 

p> 2 V P(P-I)/ 

(ii) ^ V - - 02 log log a: = 0.328644525584805374999956 ... , and 

p 

p<iooo,pep2 ^ 


(hi) 


72 


logp 

A—/ p — 

p<iooo,pe7^2 ^ 


02 logo: = 0.424902273366234745796616 .... 


6 Products Over Primes With Fixed Primitive Roots 


The subset of primes = {p G P : ordp(M) = p — 1} C P consists of all the primes with a fixed 
primitive root u G Z. By Hooley theorem, which is conditional on the generalized Riemann 
hypothesis, it has nonzero density «„ = 5 (Vu) > 0. The real number «„ > 0 coincides with the 
corresponding Artin constant, see m p. 220 ], for the formula. The proof of the next result is 
based on standard analytic number theory methods in the literature, refer to m Lemma 4]. 
Lemma 6.1. Assume the generalized Riemann hypothesis, and let x > 1 be a large number. 
Then, there exists a pair of constants 7 ^ > 0 and > 0 such that 


l\-^ 
P. 


(i) Yl ( 1 --) = 6 -^“ log(a:)"- + O 


- Vlog^^y 

(ii) n (1 + -) n 

p<X,p&'Pu P&Vu 

(i,i) JJ 

P<X,p&Pu h P / 


\ log^ X 


log^ X 


Proof: (i) Express the logarithm of the product as 

n-' 




p<i,pe'Pu 


P 


E E== E E Ei- 

p<x,p&'Pu, k>l p<x,p&'Pu P<x,p&'Pu, k>2 


(14) 


Apply Lemma 5.1 to complete the verification. For (ii) and (iii), use similar methods as in the 
first one. ■ 

The constant > 0 is defined by the double power series (an approximate numerical value for 
set V 2 = {3, 5,11,13,...} is shown): 

k 

^ 0.163507781570971567408003... . (15) 


Z /2 = 


^ ^ 1 ( ^^SP 
^ ^ /c \p — 1 


pdPi, k>2 
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6.1 Density Correction Factor 

The sporadic subsets of Abel-Wieferich primes, see |121 P- 333] for other details, have roles 
in the determination of the densities of the subsets of integers Afu = {n G N : ord„(M) = A(n)} 
with fixed primitive roots u G Z. The prime product arising from the sporadic existence of the 
Abel-Wieferich primes p > 3 is reformulated in the equivalent expression 


P{x) 


n Gi) n 

p <X^ p <X, 

ordp(u)=p-l, ordp2(«)=p(p-l) 

ordj^2 (m)^p(p-I) 


1 1 

1 H- 1 — 5 - + 

p 


n (1 

p<x,pGW ^ 




n 

pew 


1 

pZ 


n 


p<a;,pG'Pu 


1 

1 - - 
P 


-1 


+ 0 



(16) 


Note that the subset of primes has the disjoint partition 

Pu = {p ■ ordp(M) = p — 1} = >V U TV, (17) 

where 

yp = {p G P : ordp(n) = p — 1, ordp 2 (M) ^ p(p — 1)} , (18) 

and 

W = {p G P : ordp2(M) = p(p — 1)} . (19) 

The convergent partial product in ffT 6 |) is replaced with the approximation 


n 


p<x,p£W 


1 - 


p2 


n 

pew 


1 - 


p2 


+ 0 


X 


( 20 ) 


For M = 2, the subset of primes W is the subset of Wieferich primes. This subset of primes is 
usually characterized in terms of the congruence {p G P : 2^“^ = 1 mod p^} = {1093, 3511, 


Given a fixed u 7 ^ the product Hpew ~ P~‘^) reduces the density to compensate for 

those primes for which the primitive root u mod p cannot be extended to a primitive root 
u mod p^. This seems to be a density correction factor similar to the case for primitive roots 
over the prime numbers. The correction required for certain densities of primes with respect to 
fixed primitive roots over the primes was discovered by the Lehmers, see [15] and |2Sl p. 231] 
for details. 


7 The Proof Of The Theorem 

The result below has served as the foundation for various other results about primitive roots. 
Most recently, it was used to prove the existence of infinite sequences of primes with fixed prime 
roots, and bounded gaps, confer [ 6 |. 
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Theorem 8.1. ([22]) If it be assumed that the extended Riemann hypothesis hold for the 

Dedekind zeta function over Galois fields of the type Q [f/u, , where n is a squarefree inte¬ 
ger, and d\n. For a given nonzero integer u 7 ^ ±1, , let Nu{x) be the number of primes p < x 

for which u is a primitive root modulo p. Let u = ■ u^, where Ui > 1 is squarefree, and 

m > 1 is odd. Then, there is a constant On > 0 such that 


X ( a:logloga:\ 

dIu\X) On. ^ ( 1 2 ) 

logo: \ log a; / 


as X 


00 . 


( 21 ) 


Proof of Theorem 1.1: By the generalized Riemann hypothesis or Theorem 6.1 or Theorem 
8.1, the density a 2 = S {V 2 ) > 0 of the snbset of primes V 2 is nonzero. Pnt r = 02 in Wirsing 
formula, Lemma 4.1, and replace the characteristic function f{n) of primitive roots in the hnite 
ring Ij jp^ 'L,k > 1, see Lemma 3.1, to produce 


n<x 


( —-— 

VeT'^r(r) 



fjp) I 
P 





X 

logo: 


- n 

p^<x, 

ord(2)=p—1, 
ord(2)^p(p-l) 



n 

ord(2)=p(p—1) 




( 22 ) 


Replacing the equivalent product, see (1TB]) in Section 7.1, and using Lemma 6.1, yield 


n<x 


n) = 


eT'" 2 r (02) 


+ 0 ( 1 ) 


X 


logx 


n 1 


pew 


p2 


n 


p^<x, peVu 


1 - 


P 


-1 


372—7(12 


r(a 2 ) 


+ 0 ( 1 ) 


X 


(log a:): 




pew 


p2 


2 y ’ 


(23) 


where 72 is the Artin-Euler constant, see Lemma 5.1 for detail. Lastly, the error term o (x(logx)"^ ^) 
absorbs all the errors. ■ 


8 Harmonic Sum For The Fixed Primitive Root 2 

Let A /2 = {n G N : ord„( 2 ) = A(n)} be the subset of integers such that n = 2 is a primitive 
root modulo n > 1, and let N 2 {x) = ff {n ^ x ■. ordrt(2) = A(n)} be the corresponding discrete 
counting measure, see Theorem 1.1. The subset A /2 C Al is a proper subset of Al = {n G N : 
p\n p E P 2 }, which is generated by the subset of primes V 2 = {p G P : ordp(2) = p — 1}. 
Since 2 is not a primitive root modulo the prime powers 1093™, m > 2 , the subset A is slightly 
larger than the subset A/ 2 . More precisely, the Wieferich prime powers 1093™ G M, m > 1, but 
1093™ ^ A/' 2 ,m > 2. 
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An asymptotic formula for the harmonic sum over the subset of integers A /2 is determined here. 


Lemma 9.1. Let x >1 he a large number, let a 2 = S {V 2 ) > 0 be the density of the subset of 
primes V 2 , and let A /2 C N foe a subset of integers generated by V 2 - Then 

^ i = K.(logxr»+7. + o( i J (24) 

The number 02 = 0.373955... is Artin constant, and 72 > 0 is the Artin-Euler constant, see 
ffT^ for the dehnition. The other constant is 

K2 = , n 1.12486444988498798741328.... (25) 

«2r(«2)Aiv pV 

This numerical approximation assume that 72 — 702 = 0, and the index of the product ranges 
over the subset Wieferich primes W. 


Proof: Use the discrete counting measure N 2 {x) = {a 2 H 2 + o(l)) a;(loga;)“^ Theorem 1.1, to 
write the hnite sum as an integral, and evaluate it: 


E - 

^ , n 
n<x,n£jy2 



jdN2{t) 


N2{t) 

t 


X 


+ 


XQ 



N2{t) 

p 


dt, 


where Xq > 0 is a constant. Continuing the evaluation yields 


(26) 



(02^2 + 0(1)) 


+ Co (a^o) + 


(log a:) ^““2 

/s;2(logx)“2 +72 + 0 


f XQ 
1 


(02^2 + 0(1)) 

f(l0gt)^““2 


dt 


(logx) 


1 — 0:2 


(27) 


where Cq (xq) is a constant. Moreover, 

1 


72 = lim V 

X —400 \ ' ^ 

\n<x,ngA/2 


n 


K 2 log ^ X 


Co (aco) + 


1'°° (02^2 + 0(1)) 

Jxo t{\ogty-^^ 


(28) 


is a second dehnition of this constant. ■ 

The integral lower limit Xq = 2 appears to be correct one since the subset of integers is 
AA 2 = {3,5,32,11,...}. 











Generalized Primitive Roots 


10 


9 Appendix A: Prime Finite Fields 

The last Sections, 10 to 16, assembled a proof for fixed primitive roots in prime Finite fields 
Fp, for infinitely many primes p > 3. 

The constant c„ > 0 is the density of the snbset of primes 

Vu = {p & P ■ ordp(M) = p — 1} C P (29) 

with a hxed primitive root m G Z. Let u ^ ±l,n^ be a hxed integer, and let x > 1 be a large 
nnmber. The expected nnmber of primes p < x with a hxed primitive root u mod p has the 
asymptotic formnla 

7r„(x) = # {p ^ X : ordp(M) = p - 1} = cji(x) + O (x(logx)"^) , (30) 

where li(x) is the logarithm integral, as x —)■ oo. 

A conditional proof of this resnlt was achieved in [22] , and simplihed sketches of the proof ap¬ 
pear in [211 p. 8], and similar references. The determination of the constant > 0 for a hxed 
integer n G Z is an interesting technical snbject, [221 P- 218], [27], [25], et alii. An introdnction 
to its historical development, and its calcnlations is covered in [371 pp. 3-10], and [75] . 

The Artin primitive root conjectnre on average 

x~^ nu^x) = aoli(x) -|- O (x(logx)“'®) , (31) 

U^X 

where oq = n,>2 (1 — p ^(p — 1) ^) is Artin constant, and i? > 1 is an arbitrary nnmber, was 
proved in na nnconditionally, and rehned in [75]. These works had shown that almost all 
admissible integers n G Z — {—1, l,n^ : n G Z} are primitive roots for inhnitely many primes. 
The nnmber of exceptions is a snbset of zero density in Z. The individnal qnantity 7r^i(x) in 
flTUD can be slightly diherent from the average qnantity in fITT]) . The variations, discovered by 
the Lehmers nsing nnmerical experiments, depend on the primes decomposition of the hxed 
valne u, see m p. 220], [371 p. 3], and similar references for the exact formnla for the density 

Cu > 0 . 

The Artin primitive root conjectnre for fnnctions helds was proved by Bilharz, see [TT] Theorem 
10.11], and the same conjectnre for polynomials over hnite helds was proved in [37]. However, 
there is no known inhnite seqnence of primes with a hxed primitive root. The cnrrent lit- 

eratnre has resnlts inhnite seqnences of primes with nnknown primitive root in a small hnite 

set. For example, in [18] it was proved that for a hxed primes triple g, r, s, the snbset of integers 

A{q, r, s) = : 0 < a, 6, c < 3} , (32) 

contains a primitive root for inhnitely many primes. This resnlt was later rednced to the smaller 
snbset 

B{q, r, s) = : 0 < a, 6, c < l} , (33) 

see [72]. In both of these resnlts, the lower bonnd for the nnmber of primes p < x with a hxed 
primitive root in either of the snbset A{q,r,s) or B{q,r,s) has the lower bonnd #{p < x : 
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ordp(M) = p — 1} S> a;(loga;) ^ for all large number a; > 1. 

These results have been extended to quadratic numbers helds in mi, H, 1331. and most re¬ 
cently in pp. Other related results are given in |32], [IS], [3S], et alii. 

The technique explored in this note provides an improved lower bound for the number of primes 
p < X with a fixed primitive root u mod p for all large number a; > 1. And the fixed primitive 
root u is not restricted to a small hnite subset such as A{q, r, s) or B{q, r, s). 

Theorem 10.1 A fixed integer u ^ ±l,n^ is a primitive root u mod p for infinitely many 
primes p >2. In addition, the density of these primes satisfies 

TTuix) = # {p < a; : ordp(M) = p - 1} = cji(a;) -h O (x(loga;)"^) , (34) 

where li{x) is the logarithm integral, and Cu > 0 is a constant, for all large numbers x >1. 

The next three Sections collects the notations and some standard results related to or applica¬ 
ble to the investigation of primitive roots in cyclic groups. The last Section presents a proof of 
Theorem 10.1. 


10 Exponential and Character Sums 

A few standard definitions and other basic results in the theory of exponential and character 
sums are reviewed in this Section. All the estimates are unconditional. 


10.1 Simple Characters Sums 

Let G be a finite group of order q = The order ord(M) of an element m G G is the smallest 
integer d\q such that u'^ = 1. An element r G G is called a primitive element if it has order 
ord(r) = q. A cyclic group G is a group generated by a primitive element t E G. Given 
a primitive root t E G, every element 0 7 ^ u G G in a cyclic group has a representation as 
u = t'",0 < V < q. The integer v = logn is called the discrete logarithm of m 7 ^ 0 with respect 
to r. 

A character x modulo g > 2, is a complex-valued periodic function x : N —t C, and it has 
order ord(x) = d ^ 1 if and only if 1 integers n E N,gcd{n,q) = 1. For 

g 7 ^ 2 '',r > 2 , a multiplicative character x of order ord(x) = d|g has a representation as 

x(m) = (35) 

where v = logw is the discrete logarithm of m 7 ^ 0 with respect to some primitive root, and for 
some k > 1, see [211 P- 187], [HI p. 118], and [HI p. 271], for more details. 

Lemma 11.1. For a fixed integer u ^ 0, and an integer q E N, let x Y ^ nonprincipal 
character mod q, then 
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(i) 

ord(x)=‘p(q) 

(ii) Y1 

l<a<<p{q) 


Fid) 

if M = 1 mod g. 

-1 

if M ^ 1 mod g. 

Fid) 

if M = 1 mod g. 

-1 

if M ^ 1 mod g. 


An additive character ip of order ord('0) = q has a representation as 




(36) 


for some k > l,gcd(fc,g) = 1, see [221 p. 187], [321 P- 118], and [231 P- 271]. The additive 
character sums are quite similar to Lemma 2.1. 


Lemma 11.2. For a fixed integer u, and an integer g G N, let ifj be an additive character of 
order ordfi = q, then 


(i) fiiu) 

ord('0)=g 

(ii) Y 

0<a<q 


q if M = 0 mod g, 
0 if M ^ 0 mod g. 

g if M = 0 mod g, 
0 if M ^ 0 mod g. 


11 Representations Of The Characteristic Function 

The characteristic function T : G —> {0,1} of primitive elements is one of the standard an¬ 
alytic tools employed to investigate the various properties of primitive roots in cyclic groups 
G. Many equivalent representations of the characteristic function T of primitive elements are 
possible. 


11.1 Divisors Dependent Characteristic Function 

A representation of the characteristic function dependent on the orders of the cyclic groups is 
given below. This representation is sensitive to the primes decompositions g = '' 'Pt\ 

with Pi prime and e* > 1, of the orders of the cyclic groups g = ifG. 

Lemma 12.1. Let G be a finite cyclic group of order p — 1 = ffG, and let 0 ^ u ^ G. Then 


T(m) 


pjp - 1) 'sp Tjd) i ^ ordpU = p-l, 


(37) 


The works in [T2], and [H] attribute this formula to Vinogradov. The proof and other de¬ 
tails on the characteristic function are given in [HI p. 863], [231 P- 258], [311 p. 18]. The 
characteristic function for multiple primitive roots is used in uni p. 146], to study consecu¬ 
tive primitive roots. In [T3] it is used to study the gap between primitive roots with respect 
to the Hamming metric. And in [48] it is used to prove the existence of primitive roots in 
certain small subsets A C ¥p. In na it is used to prove that some finite fields do not have 
primitive roots of the form ar + b, with r primitive and a, 6 G Fp constants. An interesting 
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application is the proof of Artin primitive root conjecture for polynomial over finite field in m- 


11.2 Divisors Free Characteristic Function 

It often difficult to derive any meaningful result using the usual divisors dependent character¬ 
istic function of primitive elements given in Lemma 12.1. This difficulty is due to the large 
number of terms that can be generated by the divisors d\{p — 1) involved in the calculations, 
see [11], [H] for typical applications and jH] p. 19] for a discussion. 

A new divisors-free representation of the characteristic function of primitive element is de¬ 
veloped here. This representation can overcomes some of the limitations of its counterpart 
in certain applications. The divisors representation of the characteristic function of primitive 
roots. Lemma 12.1, detects the order ordpW > 1 of the element m G Fp by means of the divisors 
of the totient p — 1. In contrast, the divisors-free representation of the characteristic function. 
Lemma 12.2, detects the order ordpU > 1 of the element u G Fp by means of the solutions of 
the equation r"" — u = 0 in Fp, where u, r are constants, and 1 < n < p — 1, gcd(n,p — 1) = 1, 
is a variable. Two versions are given: a multiplicative version, and an additive version. 


Lemma 12.2. Let p > 2 be a prime, and let t be a primitive root mod p. For a nonzero 
element u G Fp, the followings hold: 


(i) //x 7 ^ 1 zs a nonprincipal multiplicative character of order ord y = p — 1, then 


gcd(n,p—1)=1 0<k<p—l 


1 if ordpM = p — 1, 
0 if ordpM 7^ p — 1, 


where u is the inverse of u mod p. 


(ii) If'ipy^l is a nonprincipal additive character of order ord xf = p, then 


gcd(n,p—1)=1 0<A:<p—1 


1 if ordpM = p — 1, 
0 if ordpM 7^ p — 1. 


(38) 


(39) 


Proof: (ii) As the index n > 1 ranges over the integers relatively prime to p — 1, the element 
r"" G Fp ranges over the primitive roots mod p. Ergo, the equation r"" — n = 0 has a solution 
if and only if the fixed element u G Fp is a primitive root. Next, replace to obtain 


T(m) 


E 

gcd(n,p—1)=1 


1 

p 



^i2TT{T'^ —u)k ! p 


{)<k<p-l 


1 if ordpU = p — 1, 
0 if ordpU 7^ p — 1. 


(40) 


This follows from Lemma 11.2 applied to the inner sum. For (i), use the equation the equation 
t'^u = 1, where u is the inverse of u, and apply Lemma 11.1. ■ 
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12 Estimates Of Exponential Sums 

Exponential sums indexed by the powers of elements of nontrivial orders have applications in 
mathematics and cryptography. These applications have propelled the development of these 
exponential sums. There are many results on exponential sums indexed by the powers of el¬ 
ements of nontrivial orders, the interested reader should consult the literature, and references 
within the cited papers. 

The trivial upper bound for the exponential sum in question is 

< ip{p - 1) < —f- 

l<n<p-l,gcd(n,p-l)=l 

for all integers p > 3. In addition there are several nontrivial estimates. 

Theorem 13.1. (|S], [H Theorem 2.1]) (i) Given 5 > 0, there is e > 0 such that if 0 G Fp is of 
multiplicative order t > ti > p~^, then 



(41) 


max 

l<a<p—1 


^ ^i27ra0'^ Ip 


< tip h 


(ii) \i H <Z 'Ljsi is a subset of cardinality > N^, 5 > 0, then 


max 

l<a<(^(W) 



^i27vaxlN 


xGH 


< N^-^. 


(42) 


(43) 


Other estimates for exponential sum over arbitrary subsets H (Z¥p are also given in the [26] . 
For the hnite rings Z/iVZ of the integer modulo N ^ 1, similar results have been proved [1]. 


Theorem 13.2. f [T^ Lemma 4]) For integers a,k,N G N, assume that gcd(a, iV) = c, and 
that gcd(fc, t) = d. 

(i) If the element 0 G Ztv is of multiplicative order t > to, then 


max 

l<a<p—1 



^i27TaO^ jN 


l<x<t 




(ii) If iL C 'LjN'L is a subset of cardinality , 5 > 0, then 


(44) 


max 

gcd(a,<f(N))=l 



^i2'KaO^ IN 


xeH 


< 


(45) 


Theorem 13.3. (|S]) Let p > 2 be a large prime, and let x > 1 be a large real number. If the 
element 0 G Fp is of multiplicative order p — 1, and a G Z, gcd(a,p) = 1 constant, then 



^i2TTad^lN 


x&H 


< N^-^. 


max 

gcd{a,(p(V))=l 


(46) 
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13 Estimates For The Error Term 

The upper bounds of exponential sums over subsets of elements in finite rings (Z/iVZ)^ stated 
in the last Section are used to estimate the error term E{x) in the proof of Theorem 1.1. Two 
estimates will be considered. The hrst one in Lemma 12.1 is based on the trivial upper bound 
BO; and the second estimate Lemma 12.2 is based the nontrivial results in Theorems 13.1, 
13.2, and 13.3. 


Lemma 14.1. Let p > 2 be a large prime, let ip ^ 1 be an additive character, and let t be a 
primitive root mod p. If the element u 0 is not a primitive root, then. 


E p E E V;((V 

x<p<2x gcd(n,p—1)=1, 0<fc<p—1 


u)k) < 


X 


(log log x) (log x) 


(47) 


for all sufficiently large numbers x >1. 

Proof: By hypothesis u for any n > 1 such that gcd(n,p — 1) = 1. Therefore, 

E i E E E («) 

a;<p<2xy gcd(n,p-l)=l, 0<fc<p-l x<p<2x ^ ^ \ / 


This implies that there is a nontrivial upper bound. To sharpen this upper bound, let ip{z) = 
^i 2 -Kkzip 0 < fc < p, and rearrange the triple hnite sum in the following way: 


f{{r^-u)k)< Y, 


P 

0<fc<p—1, gcd(n,p—1)=1 


x<p<2x 


P 


^ ^ ^—i2nuklp ^ ^ ^i27TkT'^ Ip 


0<k<p—l 


gcd(n,p—1)=1 


(49) 


and let 


Up = Y and Vp = - Y 

0<A:<p—1 ^ gcd(n,p—1)=1 

The Holder inequality ||HH||i < ||H||oo • ||-B||i takes the form 

E ^ S'?! it'fi ■ E 

x<p<2x 

x<p<2x x<p<2x 

The supremum norm ||Lp||oo = '<^Q^'^x<p<2x \ Up\ of the exponential sum Up is given by 


max \Up\ = max 


x<p<2x 


x<p<2x 


E 


^—i2'Kuklp 


= 1 . 


0</c<p—1 

This follows from X]o<fc<p-i gi27rafc/p _ refer to Lemma 11.2. 

The trivial absolute value of the exponential sum Vp = Vp{k) has the upper bound 


|v;>l = 


^ ^ ^i2nkT" 


gcd(n,p-l)=l 


1 

< - ■ 


p 


p log log p log log p’ 


(50) 


(51) 


(52) 


(53) 
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since (p{n) < n/log log n for all n > 3. The corresponding 1-norm = J2x<p<2x 1^1 

the trivial upper bound 


E E 


< 


log log p log log X 

x<p<2x x<p<2x to to to x<p<2x 


E i« 


X 


(log log x) (log x) 

Now, replace the estimates fl52|l and fl5T|l into dlHj), the Holder inequality, to reach 


(54) 


E 

x<p<2x 


^ \ —i27ruklp 

p ^ 

0<k<p—l gcd(n,p—1)=1 



gi27rfcT"/p 


< 

•c 


max 

x<p<2x 


\U,\- E K 

x<p<2x 


1 ■ 


X 


(log log x) (log x) 

X 

(log log x) (log x) 


(55) 


This completes the verihcation. ■ 

An application of any of the Theorems 13.1, or 13.2 or 13.3 leads to a sharper result, this is 
completed below. 


Lemma 14.2. Let p > 2 be a large prime, let 'ip ^ 1 be an additive character, and let r be a 
primitive root mod p. If the element u 0 is not a primitive root, then, 

Ej E E V-((r" - «)A.) «(56) 

p<x gcd(n,p—1)=1, 0<A:<p—1 


for all sufficiently large numbers x > 1 and an arbitrarily small number £ > 0. 
Proof: By hypothesis u ^ r"' for any n> 1 such that gcd(n,p — 1) = 1. Therefore, 

p — 1 


-u)k) <J 2 


< 


X 


p 

gcd(n,p—1)=1, 0<A:<p—1 


p<x 


p 


logx 


+ 0 


X 

log^ X 


(57) 


This implies that there is a nontrivial upper bound. To sharpen this upper bound, let 'f{z) = 
^i 2 -Kkzip 0 < A: < p, and rearrange the triple finite sum in the form 




p 

p<x, 0<fc<p—1, gcd(n,p—1)=1 

and let 

1 


p<x 


_ ^ ^ ^—i27vuk/p ^ ^ ^i27vkT'^/p 


p 


0<k<p—l 


gcd(n,p—1)=1 


, (58) 


1 




^i2nkT'^ /p 


p 


(59) 


0<k<p—l gcd(n,p—1)=1 

Now consider the Holder inequality ||AH||i < ||A||r • ||i?||s with l/r-|- 1/s = 1. In terms of the 
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components in fl5^ this inequality has the explicit form 


E iwi < ( 5 ; \uA (Yi 

2<p<x / V2<p<3 


1/s 


lUI 


(60) 


2<p<x 


The absolute value of the first exponential sum Up is given by 




p 


1/2 


0<k<p—l 


^—i2'n’uk/p 


p 


1/2- 


(61) 


This follows from X)o<fc<p-i ~ refer to Lemma 9.2. The corresponding r-norm 

ll^pllr = J2p<x l^pT the upper bound 


p<x 2<p<x 


p 


1/2 


< X 


l-r/2 


(62) 


The finite sum over the primes is estimated using integral 

p<x ^ 

where 7r(a;) = xj logx + Oixj log^ x) is the prime counting measure. 

The absolute value of the second exponential sum Vp = Vp{k) is given by 


(63) 


IUI = 


1 


p 


1/2 


E 


A27rkr'^ 




(64) 


gcd(n,p—1)=1 

This exponential sum dependents on k] but it has a uniform, and independent of k upper bound 


E 


jL2'KkT'^ Ip 


gcd(n,p—1)=1, 


l<k<p-l 


E' 

m£H 


^i27rkm/p 


< p 


l — £ 


(65) 


where H = {r” : 1 < n < p — 2, and gcd(n,p — 1) = 1}, and e > 0 is an arbitrarily small 
number, see Theorem 13.1 or 13,2 or 13.3. 


The corresponding s-norm 




= J2p<x 1^1* upper bound 


< X 


Ei^'ni's E IP* 

p<x 2<p<x 

As before, the finite sum over the primes is estimated using integral 


( 66 ) 


J2pSU-es ^ f ^ ^^^i+s/2-esy 

p<x 


■X 


( 67 ) 
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Now, replace the estimates fl62|l and fl66|l into fl58l) . the Holder inequality, to reach 


E 

p<x 


-I 




/ \ lA 

- E 

p ^ 

^ 0<A;<p-l 

-i2'Kukfp ^ jp 

< 

E It'/ 

, E i/i‘ 

gcd(n,p—1)=1 


\2<p<a: / 

\2<p<x / 


■C x^"^ 


( 68 ) 


Note that this result is independent of the parameter l/r + l/s = l. ■ 


14 Evaluation Of The Main Term 


Finite products over the primes numbers occur on various problems concerned with primitive 
roots. These products involve the normalized totient function (p{n)/n = np|n(^ “ ^/p) 
corresponding estimates, and the asymptotic formulas. 


Lemma 15.1. ([IS], [T7] i Let X > 1 be a large number, and let (p{n) be the Euler totient 
function. For k > 1, the kth moment 



pip - 1 ) 

p — 1 



(p-i) ) 



where li{x) is the logarithm integral, and B > 1 is a constant, as x ^ oo. 


(69) 


The logarithm integral has the asymptotic formula 

1 


h(x) = 


logz 


-dz = 


X 


logx 


+ 0 



(70) 


The error term can be reduced to the same order of magnitude as the error term in the prime 
number Theorem 


7r(x) = h(x) + O , (71) 

where c > 0 an absolute constant. But the simpler notation will be used here. The case k = 1 
is ubiquitous in various results in Number Theory. Slightly different form occur in the proof of 
Theorem 1.1. 


Lemma 15.2. Let x > 1 be a large number, then 


E 

^ gcd(n,p—1)=1 


1 = h(x) 



pip - 1) 


+ 0 


X \ 
log° X / 


(72) 
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Proof: A routine rearrangement gives 


p<x gcd(n,p—1)=1 


E 

p<x 


pip - 1 ) 

P 


E 

p<x 


Pjp - 1 ) 

p — 1 


E 

p<x 


Pjp - 1 ) 
pip - 1 )' 


To proceed, apply Lemma 15.1 to reach 


(73) 


E 

p<x 


Pjp - 1 ) 

p — I 


E 

p<x 


Pjp-^) 
pip - 1 ) 


aoli(a;) + O ( ^ ^ 

Vlog xj 

aoli(a;) + O ( , ^ ) 

Vlog xJ 


E 

p<x 


Pjp - 1 ) 
pip - 1 ) 


(74) 


where the second hnite sum is absorbed into the error term, i? > 1 is an arbitrary constant, 
and the constant Oq = Y[p >2 “ 7 (^u)) • * 


15 Primes With Fixed Primitive Roots 

The representations of the characteristic function of primitive roots. Lemma 3.1, and Lemma 
3.2, easily detect certain local and global properties of the elements u G Fp in a hnite held. 
Exempli gratia, it vanishes 

^/(u) = 0 if and only if u = ±1, for any proper divisor k\p — 1. (75) 


Ergo, the constraints u ^ ±l,u^ with u G Z, are necessary global constraints to be a primitive 
element in Fp, p > 2 an arbitrary prime. But the constraints u 7 ^ g G Q, where Q is a hnite 
subset of primes, are not necessary global constraints since there are inhnitely many primes 
for which q \ p — & Q- The requirement of being dth power nonresidues mod p for all 

proper divisors d\p — 1 , which is equivalent to the dehnition of primitive root, are necessary 
local properties. 


15.1 Elementary Proof 

The simpler and more elementary estimate for the error term given in Lemma 12.1 leads to a 
weaker but ehective result. 

Theorem 16.1 A fixed integer u 7 ^ ±1, is a primitive root mod p for infinitely many primes 
p > 2. In addition, the density of these primes satisfies 

= # {P < - ord,(„) = p - 1} = + O . (76) 
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where Cu> t) is a constant depending on u, for all large numbers x > 1 . 

Proof: Suppose that u 7 ^ ±l,u^ is not a primitive root for all primes p > Xq, with Xq > 1 
constant. Let x > xq be a large number, and consider the sum of the characteristic function 
over the short interval [x, 2 x], that is, 


0 = 5 ^ <!-(«). (77) 

x<p<2x 

Replacing the characteristic function. Lemma 12.2, and expanding the nonexistence equation 

dZZD yield 


0 


5^ d'(u) 

x<p<2x 


x<p<2x " gcd(n,p—1)=1, 0<fc<p—1 


u)k) 


x<p<2x ^ gcd(n,p—1)=1 x<p<2x ^ gcd(n,p—1)=1, 0<fc<p—1 


M(x) + R'(x), 


u)k) 


(78) 


where a„ > 0 is a constant depending on the hxed integer u 7 ^ 0 . 

The main term M(x) is determined by a hnite sum over the trivial additive character f) = 1, 
and the error term E{x) is determined by a hnite sum over the nontrivial additive characters 
7^ 1. 

Applying Lemma 15.2 to the main term, and Lemma 14.1 to the error term yield 


4/(u) = M{x)+E{x) 

x<p<2x 

= Cu (li(2x) — li(x)) + O 


X 


log^ X 


+ 0 


X 


(log log x) (log x) 


X 


— C7I 


o 


X 


log X \ (log log x) (log x) 


> 0 , 


(79) 


where the constant Cu = a^ao > 0 depending on u, and i? > 1 is an arbitrary constant. This 
contradict the hypothesis fl77|l for all sufficiently large numbers x > xq. Ergo, the short interval 
[x, 2 x] contains primes with the hxed primitive root u. ■ 


The diherence li(2x) — li(x) 


= x/ logx + O (x/ log^ x) is evaluated via fl7U]) in Section 15. 


15.2 Improved Error Term 

This subsection uses the sharper result in Lemma 14.2 to reduce the error term down to the 
same order of magnitute as the error term in the Prime Number Theorem, confer fl7ip in Section 
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15. 

Proof of Theorem 1.1. Suppose that u 7 ^ ±1, is not a primitive root for all primes p > Xq, 
with Xq > 1 constant. Let x > Xq he a large number, and consider the sum of the characteristic 
function over the short interval [x, 2x] , that is, 

0= 5^ <!-(«). (80) 

x<p<2x 

Replacing the characteristic function. Lemma 12.2, and expanding the nonexistence equation 
dHOD yield 


0 


d'(n) 

x<p<2x 

El E E 

x<p<2x ^ gcd(n,p—1)=1, 0<fc<p—1 

x<p<2x gcd(n,p—1)=1 x<p<2x gcd(n,p—1)=1, 0<fc<p—1 


-u)k) 


M{x) + E{x), 


u)k) 


(81) 


where > 0 is a constant depending on the fixed integer u 7 ^ 0 . 

The main term M{x) is determined by a finite sum over the trivial additive character 'ip = 1, 
and the error term E{x) is determined by a finite sum over the nontrivial additive characters 

^ = ei^^k/p ^ 

Applying Lemma 15.2 to the main term, and Lemma 14.2 to the error term yield 

4/(m) = M{x)+E{x) 

x<p<2x 

= Cu (li( 2 a;) - li(a;)) + 0 ( ^ '] + 0{x^~^) (82) 

Vlog xj 

X ^ f X \ 

— Cu- -h O I 2 — ) 

logo: Vlog a;/ 

> 0 , 

where the constant c„ = a„ao > 0 depending on u, and B = 2. This contradict the hypothesis 
fisni) for all sufficiently large numbers x > xq. Ergo, the short interval [x, 2x\ contains primes 
with the fixed primitive root u. ■ 

The determination of the constant c„ = a^ao > 0, which is the density of primes with a fixed 
primitive root u 7 ^ ±l,u^, is a very interesting technical problem in algebraic number theory, 
see [22l p. 218], [27], [28], [Si] p. 10], [3], et cetera. Some historical information on this constant 
appears in [45] . The calculations of the constants for some cases for primitive roots in quadratic 
fields are given in m, [m, et cetera. Other calculations of the constants for the related cases 
for elliptic primitive roots are given in [3], et alii. 
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16 Problems 

Problem 17.1 Let u ^ ±1, and let W = {p G P : ord(M) = p — 1, and ord(M) 7 ^ p(p — 1)}. 
Determine whether or not the subset of Wieferich primes W is hnite. 

Problem 17.2 Let ip{n)/\{n) be the index of the hnite group Z/nZ, and suppose it contains 
a primitive root u 7 ^ ±l,n^. Explain which maximal subgroup G C (Z/p^ Z)^ of cardinal¬ 
ity = A(n) contains the primitive root u. Some theoretical/numerical data is available in [9]. 

Problem 17.3 Let u 7 ^ Show that the constants satisfy the equation 7 ^ — 70 ^ = 0, 

confer equation flT^ . 

Problem 17.4 Determine an upper bound for the least primitive root modulo n. 

Problem 17.5 Let u 7 ^ Show that L{s,Xu) = Yln>iXu{'n)/n^ is analytic on the half 

palne 5Re(s) > 1, and has a pole at s = 1. Here the character is dehned by Xuin) = 1 if m is a 
primitive root modulo n, else it vanishes. 

Problem 17.6 Let u 7 ^ Show that the logarithm derivative —L'{s,Xu)/L{s,XuY = 

Ylin>i is analytic on the half palne 3fJe(s) > 1, and has a pole at s = 1. Here the 

prime characteristic function is dehned by A^j(? 7 ,) = logn if m is a primitive root modulo n, else 
it vanishes. 
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